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ABSTRACT. We formulate and discuss a number of conjectures on the ground state 
vectors of the XYZ-spin chains of odd length with periodic boundary conditions and a 
special choice of the Hamiltonian parameters. In particular, arguments for the validity 
of a sum rule for the components, which describes in a sense the degree of antiferro- 
magneticity of the chain, are given. 
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1. Introduction 

q The two-dimensional eight-vertex lattice model is closely related to the quantum 

one-dimensional XYZ-spin chain. As far as we know, for the first time this was no- 
JJ^ . ticed by Sutherland in the paper [1], where it was shown that the Hamiltonian of the 
periodic XYZ-spin chain 

N 

O ■ nxYZ = ~2 



1 -iv 

H XYZ = -- £Uxofaf +1 + J y <rjaJ +1 + J z <rfaf +1 ] (1.1) 
7=1 

commutes with the transfer-matrix of the periodic eight-vertex model if the weights 
of the latter are chosen in a special way. In distinction to the six-vertex model and 
the related to it quantum XXZ-spin chain, which is also described by the Hamiltonian 
(1.1) with the condition } x = Jy, the eight-vertex model and the XYZ-spin chain cannot 
be solved via the Bethe ansatz. In 1971, Baxter proposed and used for investigation 
of these models an alternative method with the help of which he succeeded to find 
the partition function of the eight- vertex model in the thermodynamic limit [2, 3]. In 
the same year he established a connection of the Hamiltonian (1.1) and the logarithmic 
derivative of the commuting family of transfer-matrices of the eight- vertex model over 
the spectral parameter, and found the ground state energy per site of the XYZ-spin 
chain in the limit of infinite number of sites [4, 5]. 

In the paper [5], Baxter remarked also that the ground state energy of the XYZ-spin 
chain per site in the limit of infinite number of sites has a simple form 

^ r im § = 4(J* + /y + U (1-2) 

N^oo N 2 
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if the parameters J x , /„ and J z satisfy the relation 



JxJy + Jyh + Jzlx = 



(1.3) 



and belong to the domain 



Jx + Jy + h> 0. 



(1.4) 



Later, he established that the inversion relations for the eigenvalues of the commut- 
ing family of the transfer-matrices of the eight-vertex model have in this case a very 
simple solution even for the chains of finite length [6]. Note that not for any solution 
of the inversion relations there is a corresponding eigenvector. However, if an eigen- 
vector corresponding to the solution found by Baxter exists, it is an eigenvector of the 
Hamiltonian (1.1) with the eigenvalue 



which is in the remarkable agreement with the formula (1.2). 

As was noticed by one of the authors of the present paper [7], an eigenvector cor- 
responding to the solution of the inversion relations found by Baxter exist for N = 
1, 3, 5, 7, but for N = 2, 4, 6 there is now such a vector. This allowed to formulate a con- 
jecture that the vector under consideration exists only for the chains of odd length and 
in this case it is a ground state of the system. The validity of this conjecture for the case 
of the XXZ-spin chain was established in the papers [8, 9, 10]. The corresponding ex- 
plicit solution of the Baxter's TQ-equations also was found [11, 12], that, in particular, 
allowed to find expressions for the simplest correlation functions [13, 14]. 

In the limit of the XXZ-spin chain we can without loss of generality choose the en- 
ergy scale for which J x = Jy = 1/ then it follows from the relation (1.3) that } z = —1/2. 
Here the matrix elements of the Hamiltonian (1.1) with respect to a natural basis, 
formed by the eigenvectors of the operators o~J, are rational numbers, and the ground 
state energy is the rational number — 3N/4. It is clear that in this case we can nor- 
malize the ground state vector so that its components are integers. We found that for 
all odd N < 17 the components are positive integers [15]. It appeared also that some 
components and some sums of the components are hypothetically related to enumer- 
ations of the alternating-sign matrices [15, 16]. Some of the conjectures formulated in 
the paper [15] have been proved already [16, 17, 18, 19], and some of them have been 
generalized to the case of different boundary conditions [20, 21]. 

The present paper is devoted to investigation of the XYZ-spin chain. Assuming that 
the conditions (1.3) and (1.4) are satisfied, we found the explicit form of an eigenvector 
of the Hamiltonian TCxyz with the eigenvalue (1.5) for all odd N < 19. The obtained 
data allowed us to suggest a number of conjectures on the properties of the vector un- 
der consideration. In particular, as for the case of the XXZ-spin chain, we succeeded 
to trace a connection to combinatorial objects. We give also arguments for the validity 
of a sum rule for the components, which describes in a sense the degree of antiferro- 
magneticity of the chain. 

It would be interesting to find for the case under consideration the corresponding 
solution to the Baxter's TQ-equations. Till now we have not succeeded in it. A promis- 
ing advance in this direction are the papers by Bazhanov and Mangazeev [22, 23], 
where, in particular, a recursive procedure to construct the solution is proposed. 




(1.5) 
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2. Eight-vertex model and XYZ-chain 

We use the parameterization of the Boltzmann weights of the eight-vertex model 
proposed by Baxter [3]. It has the form 

a(v;p,rj,k) = p&(2r])0(v - t])H{v + tj), (2.1) 

b{v;p,f],k) = p0(2 V )H(v-f])0(v + rj) / (2.2) 

c{v;p,rj,k) = pH{2rj)0{v - rj)0{v + ij), (2.3) 

d(v;p, V ,k)=pH(2 V )H(v- V )H(v + V ), (2.4) 

where 0{v) and H(v) are Jacobi theta functions. The necessary relations for the Ja- 
cobi's theta and elliptic functions can be found in the book by Baxter [24]. There are 
four parameters in all: v — a spectral parameter, p — a normalizing factor, t] — a pa- 
rameter, sometimes called the crossing-parameter, and the nome k of theta-functions. 
We assume that the parameters p, rj and k as fixed and omit explicit indication of the 
dependence on them. 

It is useful to have in mind that 

<v) = c (v) = p 0(o) H ( 2 v) ®( 2 v)> Kn) = d (v) = o> ( 2 -5) 

and that the following combinations of the weights do not depend on the spectral 
parameter: 



a 



2 + b 2 -c 2 -d 2 



2ai(2j7)dn(2j / ) / (2.6) 

- h =^2n). (2.7) 

Here and below sn(u), a\(v) and dn(u) are Jacobi elliptic functions. 

The family of transfer-matrices T(v), constructed with the help of the weights (2.1)- 
(2.4), has the property 

[T(v),T(v>)]=0 

for all v and v' [2, 3]. It means that we can look for vectors \Y) which do not depend 
on v and satisfy the relation 

T(v)\Y) = T(v)\Y), 

where T(v) is some function of the spectral parameter. Slightly abusing terminology, 
we say that \Y ) is an eigenvector of the transfer-matrix with the eigenvalue T(v). 

As was shown by Baxter [5], the Hamiltonian of the XYZ-spin chain is closely related 
to the logarithmic derivative of the transfer-matrix of the eight-vertex model over the 
spectral parameter v at the point v = rj. Literally repeating his calculations, we obtain 

r~ 1 (f ] )T'( V ) = -^(a'( V )+c'( V )) 
2a(t]) 

-i N 

where prime denotes the derivative over the spectral parameter. Thus, 

T "'W T '("' = 2^) W(n) + ' (n)) - in) WxYZ ' <2 ' 8) 

where TLxyz is given by the formula (1.1) with 

J x = b'(fj) + d'irj), J y = b'{rj) - d'(t]) f } z = a'( V ) - c'(t]). (2.9) 
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These relations describe the correspondence between the three fixed parameters of 
the eight-vertex model and the three parameters of the Hamiltonian of the XYZ-spin 
chain. 

We discuss the simplest symmetry properties of the Hamiltonian Hxyz- We use the 
orthonormal basis, formed by the vectors \ jiiji2 ■ ■ ■ }*n) such that 

v]V\V-2 • • • Hj ■ ■ ■ m) = FjlFiFi ...Hi-.. Hn)- 

Thus, the quantities jij take values +1 and — 1. Hjij = +1, we say that the ;-th spin is 
up. Similarly, if fij = — 1, we say that the /-th spin is down. It is often convenient to 
write just + or — instead of +1 or —1 respectively. 

First of all, we note that the Hamiltonian H.xyz is invariant with respect to shifts 
by one site of the chain to the right or to the left. For definiteness we consider left 
shifts. The operator S, implementing this shift can be defined by its action on the 
basis vectors: 

S\}il}i2 ■ ■ ■ Pn) = \F2 ■ ■ • Wl)' ( 2 - 10 ) 

The shift invariance of the Hamiltonian Hxyz is expressed by the fact that it commutes 
with the operator S. 

It is not difficult to get convinced that the Hamiltonian Hxyz is also invariant with 
respect to rotations about any coordinate axis by the angle n. First consider rotations 
about the z-axis. The generator of these rotations is 

-i N 

2 ^ 1 

7=1 

Hence, the operator exp(i nZ z ) commutes with the Hamiltonian Hxyz- The basis vec- 
tors \}i\}i2 • • • ^n) are eigenvectors of the operator N/2 + E z with the eigenvalue equal 
to the number of up spins, and the operator 

V = (-l) N / 2 +^ 2 = (-l) N af of ...o% (2.11) 

gives the parity of the number of up spins. Since 

V = exp(i zrN/2) exp(i nZ z ), 

the operator V also commutes with the Hamiltonian TCxyz- Therefore, we can look 
for eigenvectors of the Hamiltonian restricting ourselves to the sectors with a definite 
parity of the number of up spins. 

In a similar way, considering rotations by the angle n about the x-axis, we conclude 
that the operator 

I = of of ...afj, (2.12) 

inverting the direction of all spins, commutes with the Hamiltonian of the chain. 
Hence, if \Y) is an eigenvector of the Hamiltonian HxyZi then the vector T\ip) is also 
an eigenvector with the same eigenvalue. In particular, if the length of the chain is 
odd, then any eigenvalue is, at least doubly, degenerate. 

Rotations by the angle n about the y-axis can be represented as combinations of 
rotations by the angle n about the x-axis and the z-axis. Therefore, consideration of 
these rotations do not lead to additional conclusions on eigenvectors and eigenvalues 
of the Hamiltonian Hxyz- 



Certainly, as an alternative, we can fix the parity of the number of down spins. 
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3. Simple eigenvalue 

In this section, using the connection with the eight- vertex model, we give arguments 
supporting that in the case when the condition (1.3) is satisfied and N is odd, the 
Hamiltonian TCxyz has an eigenvector with the eigenvalue (1.5). 

We rewrite the condition (1.3) in terms of the fixed parameters of the eight- vertex 
model. To this end, we first rewrite the equalities (2.6) and (2.7) in a slightly modified 
form: 

a 2 + b 2 - c 2 - d 2 = 2cn(2?7) dn(2//) ab, 
cd = ksn 2 (2t]) ab, 

differentiate them over the spectral parameter v and put v = rj. Taking into account 
the equalities (2.5), we obtain 

a'{rj) - c'(tj) = ax(2rj) dn(2jy) b'{rj), (3.1) 

d'(t]) =ksn 2 (2t])b'(t]). (3.2) 

Hence, we can write the relations (2.9) in the form 

J x =[l + ksn 2 {2rj)]b'{rj), } y = [1 - ksn 2 (2 V )]b'(rj) f J z = cn{2rj) dn(2rj)b' {rj) 

and see that the equality 

JxJy + Jyh + JzJx = [1 ~ k 2 sn 4 (2//) + 2 01(277) dn(2f])]b 12 (tj) 

is valid. Thus, the quantities } X/ } y and } z satisfy the relation (1.3) either if b'{rj) =0 or 
if 

1 - k 2 sn 4 (2//) + 2 01(277) dn(2^) = 0. (3.3) 

In the case when b'(t]) = 0, we obtain trivial values of J x , Jy and } z . Assuming that t] is 
real, one can show up to periodicity that the equality (3.3) is valid only at r\ = ±2K/3 
and att] = ±4i<C/3, where K is the complete elliptic integral of the first kind. Here the 
obtained values of J x , Jy and J z do not depend on the choice of a possible value of rj. 

Now we consider the inversion relations which should be satisfied by the eigenval- 
ues of the transfer-matrix [25, 26]: 

T(v - rj) T(v + rj) = (p N (v - 2rj)(p N (v + 2yf) + (p N (v)P(v). (3.4) 

Here the eigenvalue of the transfer-matrix T(v) and the function P(v) are some quasi- 
periodic entire functions of order N, and 

<p(v) = p&(O)H(v)0(v). 

We stress again that an arbitrary solution to the inversion relations satisfying the nec- 
essary quasi-periodicity requirements can be not an eigenvalue of the transfer-matrix 
due to absence of the corresponding eigenvector. 

In the case when rj = ±2K/3 or rj = ±4X/3, there are simple solutions to the 
inversion relations: 

T(v) = cp N (v), P(v) = (3.5) 

and 

T(v) = -(p N (v), P(v) = 0. (3.6) 
To get convinced in this, it is enough to use the properties 

0(v ± 2K) = 0{v), H(v ± 2K) = -H(v), 

which imply 

(p(v±2K) = -<p{v). 
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Using this equality, it is not difficult to get convinced that (3.5) and (3.6) are really 
solutions to inversion relations (3.4). 

It is convenient to have an expression for T(v) in terms of the Boltzmann weights 
(2.1)-(2.4). Consider the sum 

a(v) + b(v) = p0(2n)[0(v - n)H(v + rj) + 0(v + n)H(v - rj)}. 

Dividing the right hand side of this equality by <p(v), we obtain an elliptic function 
without poles, i. e., a constant. Assuming that v = 2n, we see that this constant has 
the form 

0(n)H(3n) +0(3n)H(n) 
0(O)H(2n) ' 

that in the cases n = 2K/3 and n = — 4K/3 is equal to 1, and in the cases tj = —2K/3 
and n = AK/3 is equal to —1. Hence, 

Tip) = [a(v)+b(v)] N , (3.7) 

if for n = 2K/3 and n = —AK/3 we take the solution (3.5), and for n = —2K/3 and 
rj = 4K/3 the solution (3.6), and 

T(v) = (-l) N [a(v)+b(v)] N , 

if for n = 2K/3 and n = —4K/3 we take the solution (3.6), and for n = —2K/3 and 
n = AK/3 the solution (3.5). It is possible to verify that for small values of N only (3.7) 
and only for odd N is an eigenvalue of the transfer-matrix. 

Conjecture 3.1. At rj = ±2K/3 and at rj = ±AK/3 the transfer-matrix T(v) of the eight- 
vertex model for the case of periodic boundary conditions and an odd number of sites N in the 
horizontal direction has an eigenvector with the eigenvalue 

T(v) = [a(v)+b(v)] N . 

As follows from the equality (2.8), the eigenvalue (3.7) of the transfer-matrix cor- 
responds to the eigenvalue —N(a'(rj) + 2b' {n) — c'(rj)/2 of the Hamiltonian Hxyz- 
Using the equalities (2.9), it is not difficult to get convinced that this eigenvalues just 
coincides with —N(J X + Jy + }z)/2. We fix the energy scale to satisfy the equality 

h + Jy = 2, 

that is consistent with the fixation of the energy scale for the XXZ-spin chain. Intro- 
ducing the notation 

a = ksn 2 (2n) (3.8) 
and taking into account the relation (3.3), we obtain 

J x = l + a, ] y = \-CL, } z = (a 2 -l)/2. (3.9) 
It follows from here that the eigenvalue under consideration has the form 

EW = -y(/* + /y + /z) = -j(3 + * 2 ). 

We denote the Hamiltonian Hxyz with J x , } y and J z , given by the equalities (3.9), by 
H(&) and formulate the following conjecture. 

Conjecture 3.2. For an odd number of sites N the ground state of the Hamiltonian TL(a) is 
doubly degenerate and has the energy 

N 

E(a) = - — (3 + a. 2 ). (3.10) 
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It is worth to note a few special values of the parameter a. At a = we have XXZ- 
spin chain with J x = L = 1 and J 2 = —1/2. At a; = ±3 we obtain the XXZ-spin chain 
with J x — Jy = 1 and J 2 = —1/2, rotated by the angle zr/2 about the x-axis or the 
y-axis. In the case oc = 1 we obtain a trivial Hamiltonian 7i(0) = — Eyli vfof+y 

In the case when 77 = ±2K/3 or t] = ±4K/3 the inversion relations of the inhomo- 
geneous eight-vertex model 

T(v -t]\vi, ...,v N ) T(v + rj\vi, ...,v N ) 

N 

= YlWiv - Vj - 2rj)<p(v - Vj + 2n)} + 
also have two simple solutions: 

N 

T(v\vi,...,v N ) = Y[<P(v-Vj), P(v\vi,...,v N ) =0 
7=1 

and 

N 

T(v\vi,...,v N ) = ~Y[(p(v -Vj), P(v\v lf ...,v N ) = 0. 

7=1 

Using argumentation similar to used above, we conclude that the following congec- 
ture is very plausible. 

Conjecture 3.3. At rj = ±2K/3 or at 7/ = ±4K/3 the inhomogeneous transfer-matrix 
T(v\v\, . . . , Vn) of the eight-vertex model for the case of the periodic boundary conditions and 
an odd number of sites N in the horizontal direction has an eigenvector with the eigenvalue 

N 

T(v\v lr ...,v N ) =Y[[a(v - Vj) +b(v-Vj)}. (3.11) 
7=1 

As in the homogeneous case, since the transfer-matrices T{v\v\, . . . , with differ- 
ent values of the spectral parameter v commute, we can assume that the eigenvector 
of the Corollary 3.3 does not depend on v. 

Concluding this section, note that, using the equalities (2.6) and (2.7), we can write 
(3.3) as an elegant condition on the weights 

{a 1 + ab) (b 2 + ab) = (c 2 + ab) (d 2 + ab), 
which we will not use however. 

4. Conjectures on properties of components 

The matrix elements of the Hamiltonian 7i(cc) with respect to the basis under consid- 
eration as well as the eigenvalue E(oc) are polynomials in oc with rational coefficients. 
On can normalize an eigenvector \Y(a)), corresponding to the eigenvalue E(a), so that 
all its components are polynomials in a with integer coefficients. 

In the limit of the XXZ-spin chain, when oc = 0, the components are simply integers, 
and we noticed [15] that they are positive integers and related to enumerations of the 
alternating-sign matrices. 

In this and the next sections we study the properties of the components for the XYZ- 
spin chain and see, in particular, that in this case there are indications of a possible 
relation to combinatorial problems as well. 

For illustrative purposes we give the explicit expressions for the components of the 
vector \Y(<x.)) for N = 3, 5 and 7. For each odd N there are two eigenvectors with 



N 

Y[4>(v 

J'=l 



P(v\vi,...,v N ). 



8 



A. V. RAZUMOV AND YU. G. STROGANOV 



the eigenvalue E(a), which differ by the parity of the number of up spins. We will 
use the notation \Y (a)) for the eigenvector belonging to the sector with positive parity 
of the number of up spins. The corresponding vector belonging to the sector with 
negative parity of the number of up spins will be denoted \Y(a)). In accordance with 
our convention 



V\Y{ot)) 



\Y{oc)), V\Y{oc)) = 

where the operator V is defined by the equality (2.11), and we can assume that \Y(oc)) = 
T\ Y(a)), where the operator 1 is defined by the equality (2.12). The components of the 
vectors \Y(a)) and \Y(a)) are connected by the evident relation 

we we denote fij = —p-j- Therefore, we give expressions only for the components of 
the vector \Y{a)). 

For the case N = 3 the nonzero components of the vector \Y(a)) are 

Y___(a) = a, Y_ ++ (a) = T + _ + (a) = T ++ _(a) = 1. 

Note that for N = 3 the vector \Y(a)), as well as the vector \Y(a)), is shift invariant. 
This is valid for all odd N, at least, up to N = 19. 

Conjecture 4.1. The vectors \Y(cc)) and \Y{dl)) are shift invariant, i. e., the equality 

S\Y(cc)) = \Y(a)), S\Y(a)) = \Y{a)), 
where the operator S is defined by the equality (2.10), is valid. 

We give now the expressions for the nonzero components of the vectors \Y(a)) for 
N = 5 and N = 7, which cannot be obtained one from another by a shift of indices: 



N 


= 5 




a. + c? , 
2, 




Y 


(«) = 


Y_ 


-+-+(*) = 


N 


= 7 






Y 


(*) 


= 4a 2 + 3a 4 + oc 6 , 




Y_ 


-+-+(«) 


= 7k + o?, 




Y_ 


- — ++++(«) 


= 1 + 5oc 2 + 2a 4 , 




Y_ 


-++-++(«) 


= 4 + 3a 2 + a 4 , 






-+-+-++(«) 


= 7 + a 2 , 



T— ++(«) 



1 + a. 2 , 
2a; 



++(a 

-+—+(« 
-+-+++(^ 



4a + 3a 3 + a 5 , 
7a + a 3 , 
3 + 5a 2 , 
3 + 5a 2 , 
3a + 5a 3 . 



We use the normalization under which the components are polynomial in a with min- 
imally possible integer coefficients. One can notice immediately that all components 
are polynomials with positive coefficients that argues in favor of a possible combinato- 
rial interpretation. 

Considering the limit of the relation 

H{ol)\Y{ol)) = E(a)\Y(a)) (4.2) 

as a tends to infinity, it is easy to understand that among the components of the vector 

\Y (a)) the component Y (a) is a polynomial in a of the maximal degree. We 

denote this degree by Djv- One can notice, that under the used normalization the 
coefficient at a° N in Y (a) is equal to 1. 
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Conjecture 4.2. For N = 2n + 1 the degree of the polynomial Y (a) is given by the 

formula 

D N = (N 2 -l)/8 = n(n + l)/2. 

Conjecture 4.3. We normalize the vector \Y(a)) so that 

Y (a) = a DN + o(k Dn ). 

Under such normalization the components of the vector \Y(a.)) are polynomials in a with 
positive integer coefficients. 

In the limit as a tends to we obtain a ground state vector of the XYZ-spin chain under the 
normalization where the minimal component of the vector is equal to 1. 

Conjecture 4.4. Under the normalization of Conjecture 4.3, we have for N = 4m + 1 

Y (a) = a ( 2 '"+ 1 ) m + • • • + A v (2m + 1) V, 

where Ay (2m + 1) is the number of vertically symmetric alternating-sign matrices of order 
2m + 1, and for N = 4m — 1 

Y (a) = ^ 2m -^ m + ■■■ + N 8 (2m)V", 

where Ng(2m) is the number of cyclically symmetric transpose complement plane partitions 
fitting inside a box of size 2m x 2m x 2m. 

A formula for Ay (2m + 1) was conjectured by Robbins [27] and proved by Kuper- 
berg [28]. We give it in the form borrowed from our paper [29]: 

a 1 fi 1 (a +4)i(2i + i)i 

A v (2m + l) — n (4 i + 3 )!(4l - + 2)r 
A formula for Ng(2m), having the form 

was proved in the paper by Mills, Robbins and Rumsey [30]. 

As we already noted, rotations about coordinate axes by the angle n are symmetry 
transformations for the Hamiltonian Hxyz, and, therefore, for the operator H(oc). It 
appears that consideration of rotations by the angle n/2 above the coordinates axes, 
which are not symmetry transformations, allow to obtain useful information on the 
vectors \Y(ot)) and \Y(a)). 

First, we consider rotations by the angle n/2 about the z-axis. The operator 

p z (n/2) = cos(tt/4) +icr z sin(7r/4) = (l + icj 2 )/^ 

describes rotations of an individual spin, and rotations of the whole chain are de- 
scribed by the operator 

K z {n/2) = p\(n/2) p\{n/2) . . . p z N {n/2). 

Using the relations 

n z (n/2)af = -a y .U z (n/2), K z (n / 2) a 1 * = a* K z (n / 2) , 

TZ z (n/2)o- z = -o- z K z (n/2), 
it is not difficult to show that the equality 

K z (n/2) H{cc) = H(-ct) n z (n/2) (4.3) 
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is valid. 

We act on the both sides of the equality (4.2) by the operator 1Z z (tc/2). Taking into 
account the relation (4.3) and changing oc to —oc, we obtain 

H(oc) [R z (n/2)\Y(-oc))} = E(oc) [K z (n / 2)\W (- oc))} . 

If Conjecture 3.2 is valid, the eigenvalue E(oc) in a sector with a definite parity of the 
number of up spins is nondegenerate. Taking into account that the operator lZ z (n/2) 
does not change the parity of the number of up spins, we conclude that the vector 
1Z z (n/2) \Y (— a)) is proportional to the vector \Y (oc)}. It is not difficult to understand 
that this is possible only in the case when the components of \¥(oc)) are polynomials in 
oc of definite parity. We formulate this statement in a more concrete form as a corollary 
of our conjectures. 

Corollary 4.1. For any odd N we have 




Considering rotations by the angle n/2 about the x-axis and the y-axis, we obtain 



TZ x (n/4)H(a) = K - 1 H((3 - «)/(l + oc))lZ x (n / '4) , (4.4) 

TV{ti/±)H{ol) = ^~^ 2 H{{oc + 3)/(a - 1))7^(tt/4). (4.5) 

These equalities describe, in particular, the connection of the eigenvectors of the Hamil- 
tonian of the XXZ-spin chain, corresponding to the case oc = 0, and the eigenvectors 
of the Hamiltonians of the rotated XXZ-spin chains, corresponding to the cases oc = 3 
and oc = —3. 

5. Sum rules for components 

In this section we consider the linear and quadratic sums of the components of the 
vectors \Y(oc)) and \Y(oc)). Before all, we introduce the notation 

Si(«)= £ S 2(*)= E 

and note that it follows from the relation (4.1) that 

E *W.*n(«) = si(«), E ^ 1 ... W («) = S2(«). 

The first our observation on the properties of Si (oc) and S2(oc) is the fact that the poly- 
nomial S\(oc) almost divides the polynomial S2(oc). 

Conjecture 5.1. IfN = 4m — 1 or N = Am + 1 then 

S2(oc) F(oc) 
Si (a) = (oc + 3) m ' 

where F(oc) is a polynomial in oc. 

We consider again rotations by the angle n/2 about the y-axis and denote 

\0(oc)) = ny(n/2)\W(oc)). 
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As follows from the relation (4.5), the vector \ <t>(cc)) is an eigenvector of the Hamilton- 
ian 7i(oc') with the eigenvalue E(a'), where 



a 



tx + 3 

IX. — l' 



Assume that Conjecture 3.2 is valid, then \ <t>(a)) is a linear combination of the vectors 
and \Y(a')). Since 



p y(n/2) = cos(tt/4) +i^sin(7r/4) = (1 + icr 2 )/ \fl, 



we have 



P y (^/2)l + ) = ^l + )-4l 



V2 l 



,v (7r / 2)h ).-L| +) + -L| 



(5.1) 



therefore 

W>{nl2)\u x ... u N ) 



' + ...+) + ... + f-i)(N+m+-+m)/2. - 



^N 1 



Using this relation, it is not difficult to demonstrate that 



!*(«)) 



Si (a) 



Y. 



(5.2) 



It follows from the equalities (5.1) that if \q>) = p y (n / 2)\ip) , then 

J^(p F = V2xp-, J^tp F = V2cp + . 



Now one can get convinced that 

E * w ...^) = v^Y-..._(«), 



2J 



oc 



(5.3) 



We rewrite the equality (5.2) in terms of the components 

Si (a 



a' 



*+...+(*') 



(5.4) 



Summing over the indices and taking into account the first equality of (5.3) and the 
relation (4.1), we obtain the following corollary of our conjectures. 



Corollary 5.1. The relation 



Slice] 



,N-1 



(5.5) 



Y (oc) Y (oc') 

where oc' = (oc + 3) /(a — 1), is valid. 

Using the explicit form of the components of the vectors \Y(oc)) for odd N < 19, we 
conclude that apparently the following congecture is valid. 

Conjecture 5.2. The equalities 

S 1 (oc) = 2 -(N-3)(N-l)/8 (a _ 1)Dny _ _^ l)f 

Si(«') = 2 ( N - 1 )( N + 5 )/ 8 (« - l)- D NT_..._(a), 
where oc' = (a + 3) / (a — 1), are valid. 
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The matrix pV(n/2) is orthogonal, hence, 

E <...,<»= E (5-6) 

Using the relations (5.6) and (5.4), together with the fact that the components „ N (a) 
and Yp v- ^ lN (oc) are nonzero for different sets of indices, we obtain 

2 N ~ 1 Y 2 . .._(*') S 2 («) = Sl{cc) S 2 {a'). 

Proceeding from this and taking into account the equality (5.5), we formulate one more 
corollary. 

Corollary 5.2. The equality 

S 2 (a) _ gz(flO 
Si(a)Y_. .._(«) SifV)^— -(a 7 )' 
w/zere a' = (a + 3) / (a — 1), zs ofl/irf. 

If Conjecture 5.2 is valid, this corollary can be reformulated as follows. 

Corollary 5.3. The equality 

S 2 {cc') =2 2DN (a-l)- 2DN S 2 (a), 
where a' = [a + 3) /(a — 1), zs valid. 

Introducing the notation 

S 2 (cc) = (a + l)- 2D *S 2 (a), 

one can formulate the statement of Corollary 5.3 as the statement that the rational 
function S 2 (a) is invariant with respect to the linear fractional transformation oc — > 

(a + 3)/(a-l). 

6. Chain degree of antiferromagneticity 

We consider the transfer-matrix T(v\v\, . . . , Pjv) of the inhomogeneous eight-vertex 
model. At = the transfer-matrix T(v\v\, . . . , Vjq) is reduced to the transfer-matrix 
of the homogeneous model and its eigenvectors to eigenvectors of the homogeneous 
model, which are also eigenvectors of the Hamiltonian TCxyz- 

Now we assume that t] = ±2K/3 or tj = ±4K/3 and that Conjecture 3.3 is valid. We 
perform the transition to the homogeneous case in two steps. First we put V\ — and 
Vj — v — rj, j — 2, . . . , N, and then put v — r\. Let \W {v\, . . . , v^)) be an eigenvector of 
the transfer-matrix with the eigenvalue given by the relation (3.11), i. e., the equality 



T(v\v lf ...,v N )\W(v lf ...,v N )) 



' N 

Y[Hv - Vj) + b(v - Vj)} 
7=1 



is valid. Assuming that in this equality v\ — and Vj — v — rj, j — 2, . . . , N, and having 
in mind that b(rj) =0, we obtain 

U(v)\<P(v)) = [a(v) + b(v)]\®(v)), (6.1) 

where |^(»)) = \Y(0,v — rj, . . . ,v — tj)), and 

1 

U ^ = a N - 1 {i]) T ^ ' V ~ f] '"' ,V ~ V ^ 

The operator U(v) at v = t] coincides with the shift operator defined by the equality 
(2.10), while for an arbitrary v it is a shift operator with one defect. Using the standard 
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definition of the transfer-matrix, we see that the equation (6.1) is equivalent to the 
equations 

a{v)d> m ... }lN {v) + d(v)0 m3 ... FN (v) = [a(v) + b(v)]0 m3 ... }iN}l (v), (6.2) 

c(v)<P m3 ... m (v) + b(v)0 m3 ... m (v) = [a(v) + b(v)]<P m ... m1 i(v). (6.3) 

Performing in the equalities (6.2) and (6.3) the summation over the indices and adding 
the obtained equalities, we obtain 

[a(v)+d(v)} £ <P m ... m (v) + [c(v)+b(v)} £ <P m3 ... m (v) 
}i,}i 3 ,...,ji N }i,fi 3 ,...,}i N 

= [a{v)+b{v)} £ ® mim ... m {v). (6.4) 

Taking into account the identity 

H,^2,V-3,-,V-N ]l,}l 3 ,...,]l N ll,}l 3 ,...,}l N 

we write the equality (6.4) in the form 

H M i 3 ,..., m ®m'3-FN( v ) _ d{v) - b(v) 
L M , 3 m ® m i 3 ... m ( v ) ~ a(v)-c(v)' 

When v tends to rj, the vector | tends to the vector \Y{ol)). Using the l'Hopital's 
rule, the relations (3.1)-(3.3) and the notation (3.8), we obtain the last, for this paper, 
corollary of our conjectures. 

Corollary 6.1. 

„, x H}l,li 3/ ...,Jl N Y r }i}i}l3-} l N( PC ) 2 

i M , I \ m 

Efi,^ 3 ,...,^ N ^\l}l\l 3 ...\l N («) CC + 1 

The quantity can be considered as an estimation of the chain degree of antifer- 
romagneticity. 



7. Conclusion 

In the present paper we presented first results of studying the eigenvector of the 
Hamiltonian of the XYZ-spin chain, corresponding to a simple eigenvalue, which ex- 
ists under a special choice of the parameters of the Hamiltonian. It seems very plausi- 
ble that this vector is a ground state vector that is confirmed by the results obtained in 
the limit of the XXZ-spin chain. Under an appropriate normalization, the components 
of the vector under consideration with respect to the natural basis are polynomials 
with positive integer coefficients in the only remaining free parameter of the Hamil- 
tonian. This allows us to expect some connection with combinatorial problems. A 
connection to enumerations of plain partitions already became apparent. 
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